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Dimensional governing equations

(Incompressible Navier-Stokes)

Domain 

decomposition

Scaling of macroscopic and 

microscopic problems

Continuity conditions at 

the matching interface

Asymptotic expansions of 
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different orders of 𝜖

Generic forms of the 
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ad hoc auxiliary systems

Numerical solutions of 
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matching interface at 𝑦 = 0
Formal expressions of  

effective B.Cs

Estimation of solutions at 
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𝑚𝑖𝑐𝑟𝑜𝑠𝑐𝑜𝑝𝑖𝑐, 𝑓𝑎𝑠𝑡 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒: 𝑥𝑖 =
ො𝑥𝑖
ℓ
,

𝑚𝑎𝑐𝑟𝑜𝑠𝑐𝑜𝑝𝑖𝑐, 𝑠𝑙𝑜𝑤 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒: 𝑋𝑖 =
ො𝑥𝑖
𝐻

𝜖 =
ℓ

𝐻
≪ 1



ቚ𝑈
𝑌=0

= ቚ𝜖 𝝀𝒙 𝑆12
𝑌=0

+ ቤ𝜖2 𝓚𝒙𝒚
𝒊𝒕𝒇 𝜕𝑆22

𝜕𝑋
𝑌=0

+ 𝒪(𝜖3)

ቚ𝑊
𝑌=0

= ቚ𝜖 𝝀𝒛 𝑆32
𝑌=0

+ ቤ𝜖2 𝓚𝒛𝒚
𝒊𝒕𝒇 𝜕𝑆22

𝜕𝑍
𝑌=0

+ 𝒪(𝜖3)

ቚ𝑉
𝑌=0

= − ቤ𝜖2 𝓚𝒙𝒚
𝒊𝒕𝒇 𝜕𝑆12

𝜕𝑋
𝑌=0

− ቤ𝜖2 𝓚𝒛𝒚
𝒊𝒕𝒇 𝜕𝑆32

𝜕𝑍
𝑌=0

+ ቤ𝜖2 𝓚𝒚𝒚

𝜕𝑆22
𝜕𝑌

𝑌=0

+ 𝒪(𝜖3)

Navier-slip condition
Second-order correction

Navier-slip condition
Second-order correction

Second-order, 

effect of interface permeabilities

Second-order, 

effect of medium permeability

Effective boundary conditions

𝑆12 =
𝜕𝑈

𝜕𝑌
+
𝜕𝑉

𝜕𝑋
,

𝑆22= −𝑅𝑒 𝑃 + 2
𝜕𝑉

𝜕𝑌
,

𝑆32=
𝜕𝑊

𝜕𝑌
+
𝜕𝑉

𝜕𝑍
.

𝝀𝒙,𝒛: Navier-slip coefficients

𝓚𝒙𝒚,𝒛𝒚
𝒊𝒕𝒇

: Interface permeability coefficents

𝓚𝒚𝒚: medium permeability



𝑋

𝑌

𝑍

𝜃 = 0.5



Longitudinal cylinders (LC) Longitudinal modified cylinders (LM)

Transverse cylinders (TC) Transverse modified cylinders (TM)

𝜆𝑥 = 0.0688, 𝜆𝑧= 0.0451,

𝒦𝑥𝑦
𝑖𝑡𝑓

= 0.0056, 𝒦𝑧𝑦
𝑖𝑡𝑓
= 0.0022,

𝒦yy = 0.0018.

𝜆𝑥 = 0.1130, 𝜆𝑧= 0.0590,

𝒦𝑥𝑦
𝑖𝑡𝑓

= 0.0121, 𝒦𝑧𝑦
𝑖𝑡𝑓
= 0.0041,

𝒦yy = 0.00012.

𝜆𝑥 = 0.0451, 𝜆𝑧= 0.0688,

𝒦𝑥𝑦
𝑖𝑡𝑓

= 0.0022, 𝒦𝑧𝑦
𝑖𝑡𝑓
= 0.0056,

𝒦yy = 0.0018.

𝜆𝑥 = 0.0590, 𝜆𝑧= 0.1130,

𝒦𝑥𝑦
𝑖𝑡𝑓

= 0.0041, 𝒦𝑧𝑦
𝑖𝑡𝑓
= 0.0121,

𝒦yy = 0.00012.



𝜏0: Total shear stress at 𝑌 = 0

𝜏2: Total shear stress at 𝑌 = 2
𝑆𝑅 =

𝜏0

𝜏2

𝜏𝑀 =
Δ𝑃

𝐿𝑋
𝐻 =

𝜏0+𝜏2

2
is the bulk shear stress

u 𝜏 =
𝜏𝑀
𝜌
, 𝑅𝑒𝜏 =

𝜌𝑢𝜏𝐻

𝜇
= 193,

𝐶𝑓 =
2𝜏𝑀

𝜌 𝑈𝑏𝑢𝑙𝑘
2

Δ𝐶𝑓% =
𝐶𝑓,𝑝𝑜𝑟𝑜𝑢𝑠− 𝐶𝑓,𝑠𝑚𝑜𝑜𝑡ℎ

𝐶𝑓,𝑠𝑚𝑜𝑜𝑡ℎ
× 100(%)



Mean velocity profiles (in global coordinates)

ഥ𝑈 =
(ො𝑢)

𝑢𝜏
, 𝑌 =

ො𝑦

𝐻 Configuration λ𝑥
+ ቚഥ𝑈

𝑌=0

𝐿𝐶5 0.6539 0.6605

𝐿𝑀10 2.1470 2.1573

𝑇𝐶20 1.7149 1.9370

𝑇𝑀20 2.2420 2.4168

𝑅𝑒𝜏 =
𝜌𝑢𝜏𝐻

𝜇
= 193



Mean velocity profiles (in wall coordinates)
ഥ𝑈 =

(ො𝑢)

𝑢𝜏
, 𝑌+ =

𝜌𝑢𝜏 ො𝑦

𝜇
= 𝑌 × 𝑅𝑒𝜏

Smooth 𝐿𝐶5 𝐿𝑀10 𝑇𝐶20 𝑇𝑀20

Δഥ𝑈 0 +0.14 +0.49 −3.88 −4.50

Δ𝐶𝑓% 0 -2.157% -5.005% +46.078 +57.513



Root-mean-squares of velocity fluctuations

𝑈𝑟𝑚𝑠 = 𝑈′𝑈′
0.5
, 𝑉𝑟𝑚𝑠 = 𝑉′𝑉′

0.5
,

𝑊𝑟𝑚𝑠 = 𝑊′𝑊′
0.5



𝐿𝑀10 𝑇𝑀20

𝑌+ ≈ 20

𝑌+ = 0

𝑈′

−6 +60

𝑋

𝑍



𝐿𝑀10 𝑇𝑀20

𝑌+ ≈ 20

𝑌+ = 0

𝑉′

−3 +30

𝑋

𝑍



𝐿𝑀10 𝑇𝑀20

𝑌+ ≈ 20

𝑌+ = 0

𝑊′

−5 +50

𝑋

𝑍



𝑈

0

18

𝜆2 𝑐𝑟𝑖𝑡𝑒𝑟𝑖𝑜𝑛 = 500

𝑇𝑀20
𝑇𝑀20

𝐿𝑀10

𝑋

𝑌

𝑋

𝑌

𝐿𝑀10



Production rate of TKE (normalized)

Reynolds shear stress (normalized)

*Behaviors of the production rate of TKE and the Reynolds 

shear stress near permeable walls clearly interpret the 

adverse/favorable effects on skin-friction drag





𝑇𝐶20: Fully feature-resolving simulation





𝑌 = 0

𝑌 ≈ 0.1

𝑌 ≈ 1.9

Fully-featured Homogenized Model
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7

0





Conclusions

• Properly engineered permeable substrates can reduce drag in wall-bounded turbulent 
flows by attenuating the near-wall coherent structures.

• In the homogenization approach followed, the flow is not resolved in the porous layer, 
but an effective velocity boundary condition is developed, and enforced, at a virtual 
interface between the porous bed and the channel flow.

• The results, examined in terms of mean values and turbulence statistics, demonstrate 
the drag-reducing effects of porous substrates with streamwise-preferential alignment 
of the solid grains.

• The implementation of the homogenization approach significantly reduces the 
numerical cost of direct numerical simulations over porous layers.


